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SPACES 
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Abstract. New results related to the Bombieri generalisation of Bcssel's in- 
equality in inner product spaces are given. 



1. Introduction 

Let (H; (•, •)) be an inner product space over the real or complex number field K. 
If {e-i) l<i<n are orthonormal vectors in the inner product space H, i.e., (e*, ej) = <5y 
for all i, j £ {1, . . . , n} where 8^ is the Kronecker delta, then the following inequality 
is well known in the literature as Bessel's inequality (see for example |SJ p. 391]): 

n 

(1.1) \(x, ej)| 2 < ||a;|| 2 for any x £ H. 

i=l 

For other results related to Bessel's inequality, see @] - and Chapter XV in 
the book 0. 

In 1971, E. Bombieri [3] (see also p. 394]) gave the following generalisation 
of Bessel's inequality. 

Theorem 1. If x,yi, . . . ,y n are vectors in the inner product space (H; (•,•))> then 
the following inequality: 

n j n 

(1-2) £l0^)| 2 < N| 2 max {Y.KVirVj) 

* — ' \<%<n I L — ' 

z=l - - [j=l 

holds. 

It is obvious that if (j/i)i<i< n are supposed to be orthonormal, then from (|1.2|) 
one would deduce Bessel's inequality (|l.lfl . 

Another generalisation of Bessel's inequality was obtained by A. Selberg (see for 
example p. 394]): 

Theorem 2. Let x,y±, . . . ,y n be vectors in H with yi ^ (i = 1, . . . , n) . Then one 
has the inequality: 



(i-3) E J ( "',f )|2 s, < IN 

S Ej=i I (!/<»%■) I 



2 



Date: 3 June, 2003. 

1991 Mathematics Subject Classification. 26D15, 46C05. 

Key words and phrases. Bessel's inequality, Bombieri inequality. 

1 



2 



S.S. DRAGOMIR 



In this case, also, if (?/i)i<i<n are orthonormal, then from (f 1 . Hp one may deduce 
Bessel's inequality. 

Another type of inequality related to Bessel's result, was discovered in 1958 by 
H. Heilbronn [7] (see also [SJ p. 395]). 

Theorem 3. With the assumptions in Theorem^ one has 

n I n 

(i.4) X>,wi)i<w E 

i=l \i,j = l 

If in 1(1.4(1 one chooses t/^ = ej (z = 1, . . . , n) , where (ei) 1<i<rl are orthonormal 
vectors in H, then 



(1.5) 



y^J(x,ej)\ < Vn\\x\\ , for any x G H. 



In 1992 J.E. Pecaric |U] (see also P- 394]) proved the following general in- 
equality in inner product spaces. 

Theorem 4. Let x, y\, . . . ,y n G H and ci, . . . , c„ G K. TTien 

9 



(1.6) 



c * ( x ' ^ 



<imi 2 £m 2 £|(m-)I 



v3 =1 



< II^H 2 y! |ci| 2 max < V|fe t ,?/ 3 ) 

* — * Kt<n I * — ' 



He showed that the Bombieri inequality (|1.2|l may be obtained from 1)1. 6f> for the 
choice Ci = (x,yi) (using the second inequality), the Selberg inequality p. 3(1 may 
be obtained from the first part of 1(1.6(1 for the choice 



r,i G {l,...,n}; 



E"=il(y;>%] 

while the Heilbronn inequality ((1.4(1 may be obtained from the first part of ((1.6(1 if 

one chooses Ci = |[^]| , for any i G {1, . . . ,n} . 

For other results connected with the above ones, see and 0- 



2. Some Preliminary Results 
We start with the following lemma which is also interesting in itself. 

Lemma 1. Let zi, . . . , z n G H and a\, . . . , a n G K. Then one has the inequality: 

2 



(2.1) 
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max K| 2 E |0*,z 3 ) 

l<fc<n i 7 = 1 



Kfe<n 



n I n \ \ 

1 i 1 



max K| £Kf E E , r>l i + i = l; 



r s 

i=l / Vi=l \j=l 



max \a k \ E |«fe| max E 1(^,^)1 ! 

l<fc<n l<i<n \ j = l / 



/ \ 1\ 

n I n \ 



< { 



EKN Ek 

vfe=l / \i=l 



n I n 



EIEK^OI 9 



. P> 1 ' F + 5 



fe=i 



EKN EKI max M EI(^)M >, P > 1, i + i = 1: 



E Kl max |o!i| E 



fe=i 



Ki<n 



i=l 



max (^i: 2 ? 

l<j<7l J 



E |otfc| E kl 

fc=i \i=i 



E 

. i=l 



max 1(^,^)1 

l<j<n 



E KM .max |(^,^)| . 
fe=i / M<7<" 



Proof. We observe that 



(2.2) 



n 




i=l 


•■( 



,i=l j=l 



i=l J=l 



i=i j=i 



»=i i=i 

:= M. 
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Using Holder's inequality, we may write that 
(2.3) 

s n 

max \a k \ J2 



Kk<n 



5^|Qtj| \{Zi,Zi)\ < < 



El"/. I")* (. Elte^ON , p > i, i + 1 = i; 



E I a* I max |(zi,z 3 -)l 
I k=i i<j<» 



for any i € {1, . . . , n} , giving 



(2.4) 



n n 



max |a fe | J] \on\ \( z ii z j)\ ='■ M i\ 



Kk<n 



i=l j=l 



M < < 



EKN EM EK^OI 9 : = m p, 

k=i J i=i y=i j 

p> 1, i + i = 1: 



n n 



X |a/fe| E |a»l max =: M^. 

v fc=l i=l 1<J<™ 



By Holder's inequality we also have: 

n / n 

( 2 - 5 ) £KI Z>f*j) 
i=i \j=i 



max | Oi| X |(; 



Ki<n 



< < 



n I n 



EN r E E IO*>%)l 
i=i j \i=i \j=i 



r > 1, A + i = 1; 



E , ma x E 



L »=i 



Ki<n \ ~T 



J'=l 



and thus 



max \a k \ J2 



Kk<n 



*ij'=l 



Mi < < max |afe| ( E 



Kfe<n 



n / n 



,i=l \ 3=1 



max |a fe | X N max £ \( z ^ z j)\ \ 
^ l<fe<n i=1 l<»<n \^ = i y 

and the first 3 inequalities in l|2.1(l are obtained. 



r > 1 i + i = 1- 
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5 



By Holder's inequality we also have: 
M p < ($> fc | p V 



\k=l 



X < 



71 1 n 



max \ai\ E E \{ z h z o)\ q 



Ki< 



i=\ \j=l 



E Wi 

i=l 



t I n I n 



E I E l(^)l 9 

<=1 \J=1 



t > 1, 



t ' u 1 



E ma? < E I0i,%)| 9 



KK 



and the next 3 inequalities in i|2.1|) are proved. 

Finally, by the same Holder inequality we may state that: 



max \oii\ Yj max \(zi,Zj)\ ; 

l<i<n i=l\l<j<n 



k=l 



E l"i 

i=l 



J] |oc<] max 



E max \(zi,Zj)\ 
i=i V<J< n 



l\ T 



™ > i, d + t = i; 



and the last 3 inequalities in (|2.1(l are proved. | 

If we would like to have some bounds for ||E™=i ^i-^ll 2 m terms of EILi l a «| 2 > 
then the following corollaries may be used. 

Corollary 1. Let zx, . . . , z n and a%, . . . , a n be as in Lemma QJ If 1 < p < 2, 
1 < t < 2, then one has the inequality 



(2.6) 



E 



OL i Z l 



OLk\ 



fe=i 



n / n 

E El 



w/iere 1 + 1 = 1, I + i = l. 

p q 7 t u 

Proof. Observe, by the monotonicity of power means, we may write that 



ELiKfV < f ELiK 



2 \ 2 



k=l \ a k\ \ < ( Efc=l 



; Kp<2, 



; Kt<2, 
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from where we get 



1 _ 1 

< n p 2 



\k=i 



\k=l 



\/c=i 



Using the fifth inequality in (|2.1|) . we then deduce 1(2.611 . | 

Remark 1. j4n interesting particular case is the one for p = g = t = u = 2, giving 



(2.7) 



£ a 



<£ki 2 £k* 



Corollary 2. With the assumptions of Lemma^\ and if 1 < p < 2, th 



en 



(2.8) 



E^ 

»=i 



fc=i 



oik max 

Ki<n 



where — h - = 1. 
p q 

Proof. Since 



and 



£ki p 



1 _ j_ 

< n p 2 



\k=i 



Ei 

\k=l 



Otk\ 



£ki £ki 

Vfe=i 



fc=i 



then by the sixth inequality in 1)2.1(1 we deduce ((2.8(1 . | 

In a similar fashion, one may prove the following two corollaries. 
Corollary 3. With the assumptions of Lemma^and if 1 < m < 2, f/ien 



(2.9) 

where — + t 



E< 

i=l 
1. 



<«-Ew 2 E 



fc=i 



\i=l 



max |(^,^)| 
i<i<« 



;\ t 



Corollary 4. Wit/i £/ie assumptions of Lemma^ we have: 



(2.10) 



E 



< n \oik\ 2 max 
^— ' l<*,i<n 



k=l 



The following lemma may be of interest as well. 
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Lemma 2. With the assumptions of Lemma^\ one has the inequalities 



(2.11) 



E< 



E M max 



<£N a £i(*>*i)i 
i=i i=i 



< < 



E k 

i=l 



2p 



3=1 



E \( z h- 
^=i 



p > 1, 1 + 1 = 1; 



max \cti\ E K 2 ^- 



Ki<n 



i,j=l 



Proof. As in Lemma ^ we know that 



(2.12) 



£• 



n n 

- EE i(^' z 3) 



i=l J=l 



Using the simple observation that (see also p. 394]) 

;l < \ (M 2 + l"il 2 ) > hi e {i,...,n} 



we have 



n n n 

1(^)1 < 2 £ (H 2 + kl 2 ) !(*,**)! 



i=i i=i 



«,3=1 



'■,3=1 



«,3=1 



= E l" 1 ' 2 K Zl ' Z 3')l ! 

j,i=i 

which proves the first inequality in (|2.11|) . 

The second part follows by Holder's inequality and we omit the details. | 

Remark 2. The first part in \2.11)) is the inequality obtained by Pecaric in UJ. 

3. Some Pecaric Type Inequalities 

We are now able to point out the following result which complements the in- 
equality (|1.6|l due to J.E. Pecaric |5] (see also [HI p. 394]). 

Theorem 5. Let x,yi, ...,y n be vectors of an inner product space (H; (•, •)) and 
ci, . . . , c n € K. Then one has the inequalities: 

2 



(3.1) 



E Ci ( x > y* 

8=1 
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max |c fc | \(Vi,yj)\ 

l<k<n i j—i 



max |c fe | £ l c * 

l</c<n 



n I n 



E E l(^%)l 
*=i Vi=i 



, r > 1, ± + ± = 1; 



max |c fe | E |cfe| max E K^Z/jOl ! 



l<fc<n l<i<n \ j—i 



fc=l 



n / n 



Ekl p ) m^j Ci |(E( EI(yi,yi)l] ) , p>i, | + f = i; 



i=i \ j=i 



EkN E 



fc=l 



n I n 



E Elto)l 9 



p > 1. - + i = 1; 



f > 1, 



t 1 u ' 



fc=l 



i=l 



X |cfe| max |cj| X 



k=l 



Ki<n 



max 

l<j<n 



E \c k \ E I* 

fe=l \i=l 



E 



. E |cfe| . max 1(^,^)1 

L \fe=l / M<7<" 



max 

l<j<n 



l\ T 



m > 1, 



m I 



Proof. We note that 



Using Schwarz's inequality in inner product spaces, we have 



(3.2) 



< \\A\ 



E 



CiVi 



Finally, using Lemma ^ with a, = Cj, Zj = (i = 1, . . . , n) , we deduce the desired 
inequality i|3.1[l . We omit the details. | 



The following corollaries may be useful if one needs bounds in terms of El^-i \ c i\ 2 
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Corollary 5. With the assumptions in Theorem\^ and if 1 < p < 2, 1 < t < 2, 



1, one has the inequality: 



(3.3) 



X Ci (x,yi) 



<\\x\\ 2 n^-^£\ 



n I n 



i=i \j=i 



and, in particular, for p = q = t = u = 2, 



(3-4) ^Cifavi) <|N| 2 El^| 2 EK^%) 

i— 1 i— 1 yi,j=l 

The proof is similar to the one in Corollary ^ 

Corollary 6. With the assumptions in Theorem^ and if 1 < p < 2, i/ien 

i 

2 



(3.5) 



< ||x|| 2 nf |c/c| 2 max 



fc=l 



3=1 



where - + - = 1. 

The proof is similar to the one in Corollary [21 
The following two inequalities also hold. 

Corollary 7. Wzf/i i/ie above assumptions for X,yi,Ci and if 1 < m < 2, i/ien 

2 

|2 -J- I |2 



(3-6) 
where 



i=l 
1 i 1 



X c * ( x ' 2/* 

1 

= 1. 



<H 2 n-5>i 2 x: 



fc=l 



max 

l<j<n 



m i 

Corollary 8. FFzi/i the above assumptions for X,yi,Ci, one has 



(3.7) 



< WxfnY] \c k \ 2 max \(yi,yj)\ 

— 2 jlS3S n 



fc=l 



Using Lemma |2 we may state the following result as well. 
Remark 3. With the assumptions of Theorem^ one has the inequalities: 



(3.8) 



El Ci ( X > Vi) 



: 11x11 x { 



EN 



Ki<n 



»=i j=i 



E l(yi>2/i) 
j=i 



,2p 



p / n / n 

f E A EKvuVj) 



p>l, - + 1 = 1; 



max |c 4 | E ; 

£/ia£ provide some alternatives to Pecaric's result $1.6)) . 
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4. Some Inequalities of Bombieri Type 

In this section we point out some inequalities of Bombieri type that may be 
obtained from l|3.1|) on choosing Cj = (x, yi) (i = 1, . . . , n) . 

If the above choice was made in the first inequality in (|3.1|) . then one would 
obtain: 



'■j=i 



f53l(^yi)| 2 J < Nl 2 max K^y*)! 2 ^ \{Vi,Vj) 
giving, by taking the square root, 

n 

(4.1) ^2\(x, yi )\ 2 < \\x\\ max \(x, Vi )\ I £ \(y t ,y 3 )\ I , x e H . 

c — ' l<i<n \ c — ' / 



i=l 



If the same choice for a is made in the second inequality in (|3.1|1 . then one would 
get 



X^K^y*)! 2 ) ^ INI 2 ma* 1(^,2/01 



n I n 



EEi(»>w)i 
»=i \i=i 



implying 



(4.2) £|(^ yi )f 



i=l 



< lid 



l / ' 

max K^y,)! 5 V K^y^f 

l<2<n \ 11 — * 



n / n 



i=i 



where = + A = l,s>l. 

The other inequalities in (|3.1|) will produce the following results, respectively 
(4.3) 



74 / 74 

J] lO^Z/i)! 2 < INI max \(x,yi)\* ^ K x >i 



£=1 



max V \( yi ,yj)\ 

l<%<n \ * — ' 



(4.4) j^Kar.tfOI 5 



< N 



i I J- 

max |(a:,yi)l 5 ^ x > Vi 

\i=l 



n / w 



i=l \J=1 
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where p > 1, - + - = 1; 



(4.5) X>,tfi)| S 



i=l 



<\\x\\ ^K^yOI" X>,y, 



where p > 1, - + - = 1, i > 1, , 

1 * p q 1 5 t u 



n I n 



i=i \i=i 



(4.6) j^|(a;,ift)| 2 

i=l 

l i_ 

/ n \ 2p / n \ 2 

<in Ei^n EifofOi < 



Ei^>%)i 9 



where p > 1, ^ + ^ = 1; 



(4.7) 



E i( x >2/i)r 



< b 



E Ifa'f* 

.i=l 



max 

l<j<n 



(4.8) ^|(x, yi )| 2 < 



; = 1 



E 

,i=i 



max 

l<j<n 



where m > 1, — + f = 1; and 



(4.9) 



,2/i)r < IMI E K^'fOI . Pi a x l(^ ; %)l 2 

— z,l_J_^ 
i—1 i—1 



If in the above inequalities we assume that (yi)i<i<n = ( e 0i<i<n ' where (< 



i/l<i<n 



are orthonormal vectors in the inner product space (H, (•,•)), then from l|4.1(l - (|4.9|) 
we may deduce the following inequalities similar in a sense with Bessel's inequality: 



(4.10) 



z2\(x,ei)\ < Vn\\x\\ max {|(:r,e;)|}; 

' ' 1< I < 71 



i=l 



n / n 

(4.11) ^|(x,eO| 2 <riA Wm^ll^eOI*} ^l^eOr 



where r > 1, - + - = 1: 

5 r s 



n / n 

(4.12) ^l^e.OI^H.Tllmax {|(x,e,)|*} £ | 
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(4.13) J2\(x, ei )\ 2 <VH\\x\\ max {|(*,e#} [J^^e^f 
where p > 1; 

n / n \ 

(4.14) ^IMI^n^H £|(a;,e,)N 



i=l 



where p > 1, i > 1, \ + i = 1; 



(4.15) 

(4.16) 

(4.17) 
(4.18) 



£k^)| 2 <ni Ei 



vi=l 



,i=l 



Ei(^ e 0i 2 <^bii 

n 

X>,e«)i 2 <n*iMi 



E i( x ' ei ) 

i=l / 

{iMI*} 



. p> i; 



max 

Ki<n 



E \( X > e i) 
,i=l 



1 1 

, m > 1, h - = 1; 

m / 



Ei^^i^biiEi^^)!- 

i=l i=l 

Corollaries [5] - [5| will produce the following results which do not contain the 
Fourier coefficients in the right side of the inequality. 
Indeed, if one chooses Ci = (x,yi) in l|3.8[l . then 



Ei(^)i 2 < imi 2 ^ + ^E 
\i=i / i=i 

giving the following Bombieri type inequality: 

n 

(4.19) ]T|(z,yOI 2 <«> w IMI 2 

i=l 

where 1 < p < 2, 1 < i < 2 1 1 3 



n I n 



E Ei(M')i 9 

i=l \i=l 



71 / 71 



E Ei(^%)i 9 
i=i \i=i 



1, j + — = 1. 

p q 1 t u 

If in this inequality we consider p = q = t = u = 2, then 



(4.20) 



]T|(*^)I 2 <IMI 2 ( ]T|(^ % )r 



For a different proof of this result see also • 
In a similar way, if Cj = {x,yi) in (|3.6() . then 

n / n 

(4.21) ^|(x,^)| 2 <^ll^l| 2 E 



max \(y h yj)\ 

l<j<n 



Z\ T 
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where m > 1, -|- + 4- = 1. 
Finally, if c t = (x, y t ) (i = 1, 



is taken in (|3.7|) . then 



(4.22) 5Zl(^,y,)| 2 <n|M| 2 max 

— l<zj<n 
i— 1 



Remark 4. Let us compare Bombieri's result 
(4.23) 



with our result 

(4.24) 

Denote 



Ei 

i=l 



[x,yi)\ < \\x\\ max 

1<2<- 




l(j/i>2/j)l 



i=i 



Mi := max 

Ki<n 



1/,:= ^|(2/ l;% )r 
_i,i=l 

// we choose the inner product space H = R, (^,y) := £y OTid n = 2, then for 
yi = a, y-2 = b, a,b > 0, we have 

Mi = max {a 2 + ab, ab + 6 2 } = (a + 6) max (o, 6) , 



M 2 = (« 
Assume that a > b. Then Mi 



a 2 b 2 + a z b 2 + fe 4 ) 2 =a z + b z . 

2 + ab > a 2 + b 2 = M2, showing that, in this 



case, the bound provided by \4.2J$ is better than the bound provided by 



If 



(Vi)i 



<i<7 



are orthonormal vectors, then Mi — 1, A/2 = \fn, showing that in this 



case the Bombieri inequality (which becomes BesseVs inequality) provides a better 
bound than \4-^4\l - 
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